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1. Introduction

With the advent of precision measurements in Kaon physics (see [f[] and references therein),
K3 decays offer the opportunity to probe charged current weak interactions at unprece-
dented levels. Most notably, with current experimental uncertainties, K3 decays allow
one to access the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing angle V;5 at the sub-
percent level, and also provide competitive probes of lepton universality and the ratios of
light quark masses. In order to fully exploit the amazing experimental achievements, it be-
comes mandatory to have theoretical control of these decays at the percent level or better.
This requires quantitative understanding of the vector and scalar K — x form factors as
well as the electromagnetic (EM) corrections. The framework to analyze the EM corrections
is provided by Chiral Perturbation Theory (ChPT) [, the low energy effective field theory
(EFT) of QCD, extended to include the photon [f] and the light leptons [f]] as active degrees
of freedom. ChPT exploits the special role of 7, K, as Goldstone modes associated with
the spontaneous breaking of chiral SU(3);, x SU(3)g symmetry, and provides a systematic
expansion of the amplitudes in powers of the masses of pseudoscalar mesons and charged
leptons (p ~ My g ¢/Ay with Ay, ~ 47F; ~ 1.2GeV) and the electromagnetic coupling (e).

In this article we present results on the electromagnetic corrections to the four Kj3
decay modes (K = K + K00 =e, 1), based on a calculation of the amplitudes to leading
non-trivial order in ChPT (O(e?p?)). For all modes, we focus on (i) the electromagnetic



(EM) corrections to the Dalitz plot, which are needed to extract the momentum dependence
of the K — m vector and scalar form factors from the experimental distribution; (ii) the
integrated radiative correction to the decay rate, which is a crucial input in extracting
the CKM mixing angle V;;s from K — wlv[y] decays. The theoretical framework for the
calculation of electromagnetic contributions to O(e?p?) in K3 decays was presented in
ref. [f] and full numerical results on the K.3 modes were given in refs. [ff], adopting a
specific prescription for treating real photon emission and a specific factorization scheme
for soft photons , which results in the partial inclusion of higher order terms in the chiral

expansion. The novel features of the present work can be summarized as follows:

e Rather than using the soft-photon factorization procedure of ref. [[], we work here
to fized chiral order e*p?, providing the complete corrections to decay distributions
and total decay rates to O(e?p").

e We give new results for K,3 modes and update our previous analysis of K.3 modes.

e We use a fully inclusive prescription for real photon emission, which is more appro-
priate for comparison with the experimental results.

e We update the structure-dependent EM correction, using the recent estimates of the
relevant low-energy constants (LECs) provided in refs. [i, §.

Preliminary results of our analysis have been made public in conference talks and
proceedings [, [ and should be considered obsolete after the current publication. The
paper is organized as follows: in section P| we give an overview of various contributions
to K3 radiative corrections and derive the relevant master formula for the corrections to
fixed chiral order (O(e?p?)). In section [] we present our results for differential and total
radiative corrections, discussing their uncertainty. In section | we present our conclusions.

2. Radiative corrections to K3 decays: overview

2.1 Generalities on K3 decays

Let us briefly recall the main features of Kjys decays. The invariant amplitude for the
process K (pr) — 7(px) €T (pe) ve(py) Teads

M = \/—Vu*s a(p,) Y (1 —v5)v(pe) Ok | FE™®) (pi + )y + FET @) (px — )| 5 (2:1)
where Cg =1 for K 23 and Cx = 1/V2 for K, Zg modes. The expression in square brackets
corresponds to the matrix element <7T(p7r)|V/jl_i5|K (pK)), expressed in terms of the form
factors f£7(t), which depend on the single variable ¢ = (px — pr)? and are known to
O(p%) in ChPT [[d]-[3. To this order, a number of unknown LECs appear, of which
only a few can be determined experimentally. A complete prediction to O(p®) requires
theoretical input beyond ChPT, either from analytic approaches [[[4] or lattice QCD [[[5].
For phenomenological applications, it is common to parameterize the form factors fi(t)



and fo(t) = fi(t) +t/(Mz — M2)f_(t) in terms of slope and curvature parameters' which

iy
can then be measured:

_ K7 () t Lo 2

Krey = 46 (0 2.2
+ () K7 (0) +>\+Mﬂ A M (22)
_ K= t) M2 — M2 )\” t

Kmt) = L =K L S W . 2.
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The spin-averaged decay distribution depends on two independent kinematical vari-
ables, which we choose to be

:2p7r'pK:2E7r y:2pK'pz:2Ez
M%{ My’ M12{ Mg’

(2.4)

where E, (Ey) is the pion (charged lepton) energy in the kaon rest frame, and My indicates
the mass of the decaying kaon. Then the distribution (without radiative corrections) reads

dr® — Gf |Vis* M C} .

7.2 =4 (v.2) |ff”<t>|2+A§°’ v,2) ‘f”(t)ff”( 0+45" (4.2) [T (1) (26)
where the kinematical densities read (ry = (m¢/My)? and 7, = (m,/Mg)? ):

Ago)(y, 2) =4(z+y— 1)1 —y) +ri(dy + 32— 3) —drp +ro(ry —10),
2ri3—=2y—z+rp—71n),
Ago)(y, 2) =ri(l+rz—2z—rp) . (2.7)

In the analysis of K.3 decays, the terms proportional to Ag% can be neglected, being

proportional to r. ~ 1076, Finally, the decay rate reads

G2 Vus 2M5 C2 -
PO (1) = Vel MG prenqp2 19 v, (28)
10 = [ dydz 10.2), (29)

where the integral extends on the physical domain D3 defining the three-body Dalitz plot
(see ref. [f]] for the explicit definition).

2.2 Radiative corrections: soft factorization vs fixed chiral order

The above description of differential distributions and decay rates is modified by EM effects,
which involve the emission of both virtual and real photons. Short distance electroweak
corrections can be lumped in an overall factor Sy, = 1 + 2?0‘ (1 — ) log 2+ 0(%%),

which is common to all semileptonic charged-current processes []E Long dlstance EM
corrections to Kyg decays can be studied within ChPT. The leading non-trivial corrections

1See Ref [E] for a dispersive parameterization of the scalar form factor.



to the amplitudes appear to O(e?p?) and imply corrections to the form factors, differential
distributions, and decay rates starting to O(e?p°).?

In ref. [{], it was argued that long distance EM effects can be taken into account by (i)
(0)

a universal (i.e. non structure-dependent) shift in the densities A, (y,2) accompanied by
(ii) structure-dependent corrections to the form factors f£™(¢). This result was obtained by
factorizing out of the amplitude the universal soft photon corrections [[[§] that are sensitive
only to charges, masses, and momenta of the particles involved in the decay. While this
recipe has the benefit of being simple and elegant, it inherently mixes different orders in the
chiral power counting (e.g. the soft-photon corrections proportional to K ™(t) only appear
in the EFT calculation to O(e?p?)). As a consequence, the resulting decay distribution
and rate contain not only the full chiral corrections of order e?p” but also incomplete
higher order corrections, generated by the factorization procedure. Since we are studying
a fully photon-inclusive rate, there are no large logarithms associated with the factorized
soft-photon corrections and therefore the partial higher order corrections that are included
with the recipe of ref. [[] are not expected to give the dominant contributions to any given
order: cancellations with unknown terms are possible. Motivated by this, in the present
work we give the corrections to decay distributions and rates to fixed chiral order, namely
O(e?p?), to which the complete answer is known. We shall then use the comparison with
the procedure of ref. [f] as a validation of our estimate of the theoretical uncertainty.

The virtual photon corrections to all K3 amplitudes (K = K * K% and ¢ = e, W) are
known to O(e?p?) [B, [], while the real photon emission was worked out explicitly in those
references only for K.3 modes (and only for a specific prescription on the treatment of
real photon emission [L9]). Our goal here is to provide a unified discussion of radiative
corrections of O(e?p°) to all Ky3 decay rates, working with the fully inclusive prescription
on real photon emission. We now sketch the derivation of the corrections induced by
virtual and real photon emission to fized chiral order [O(e?p®)], and how they combine into
a master formula for the inclusive rate.

2.2.1 Virtual photons

One-loop amplitudes involving virtual photons, together with the associated local coun-
terterm contributions, induce an effective correction of O(e?p?) to the QCD form factors
fE™ of the form:

™ ™ s Q
FTE) = FET@) 40T () + - Telv,mi, ME M), (2.10)

FER(6) — fE7(@) +6fE7(v), (2.11)

where M, is the relevant charged meson mass and v = u = (px — pr)? for K= decays while
v=5= (py+p¢)? for K® decays. The function I'.(v,m3, M?; M,?) [H] encodes the universal
soft photon virtual corrections and is infrared divergent (thus it depends explicitly on the
infrared regulator M.,). On the other hand, the corrections &f£™(v) encode structure

2Since w(pu) " (1 —v5) v(pe) - (Pr & pr)p ~ O(p?), EM corrections to fE™ start at O(e?p°). Moreover,

since y, z,7¢, 7= ~ O(1) we can book the densities A;?%g as quantities of O(1). Therefore, corrections of
0(e?*p°) to f£™ induce corrections to the decay distributions and rates of O(e?p°) (see eqs. @) and @))



dependent effects through one-loop corrections and chiral low-energy constants [[f]. We
report their expressions in appendix [4] in terms of functions defined in ref. [f.

Keeping in mind the chiral properties of f&£7(¢), namely that fi(t) = 1 + O(p?) and
f—(t) = O(p?), the effect of virtual corrections to leading order in ChPT amounts to the
following O(e?p°) shift to the differential distribution of eq. (£.6):

—virtua ™ o
spEM—virtual () oy 4Oy [2 S () +%F0(v,m5,ME;M§)}

+A45 (. 2) - 5F57(v) (2.12)
2.2.2 Real photons

It is well known that only the inclusive sum of K — nfv and K — 7wlv + n+vy (with
n =1,2,...) decay rates is infrared (IR) finite and observable. In the chiral power counting,
the leading contribution to the radiative amplitudes K (px) — m(px) €T (pe) ve(py)v(k) is
of O(ep): this is all we need for the analysis of the rates to O(e?p®). To this order the
radiative amplitudes read:

M (Kt — 7% ) = ej_F Vi Cr+ X
i} B € -pe € -px K¢
)| (1+5) 2 —) (= 2 ) (2.13)
MK =70t ypy) = ¢ Gr — Vi Cko X

V2

Xu(p,,)[(l—i—fyg’)(QpK_’_mZ) <e* 22 € pr n Fe

k-pe k-pr  2k-pg

oo 211

The resulting correction to the differential (or total) decay rate can be calculated from

2 dQﬂéV'y
AT (K — wluvy) = 2MK pz; M| 7)8 (2.15)
&pi. s
dQﬂ&ﬂ/ = H 2]70 4 (pK —Pr — Pt —Pv— k) ’ (216)
i=m by T

where df2;, is the 4-body Lorentz invariant phase space.
The square modulus of the radiative amplitude can be decomposed into the sum of an
IR singular term (7ir) and an IR finite inner bremsstrahlung term (71g), as follows

2G2 Vus 202
S 1My (K0 — a et = SO e ] o)
pol
2G2 Vus 202
3 IMy (K o) = £GF 2‘ et [TK” TK”], (2.18)
pol
with the IR singular pieces given by:
0 0
T = 4M}1<Ag )(y,z)
M2 m% 2p7r s De
o T (219
ro B ot o B et |
(k- pr+ 2 ) (k- pet 2 ) (k- prt 2 )(k - pe+ 2 )




T = 4 AP (y, 2)
M? m?2 20K - P
x| — K L+ K |- (220)
(k-px—=")* (k-pet+=)? (k- pK——)(k‘ pet—=+)

The terms T{g generate an infrared divergence when integrated over the soft photon region
of the four-body phase space, while the remaining terms are IR finite. Integrating over all
variables except y and z, leads to a correction to the Dalitz plot density of the form

—rea. o
oM Ny, 2) = AV (y,2) -~ Toly, = My) + APy, 2), (2.21)

where Io(y,z; M,) arises from Tir while AllB from Tig. The functions Iy(y, z; M) and
AllB(y,z) depend on the cut on hard real photon emission. Results based on integrating
over all kinematically allowed photon energies are known analytically [f, i, [9].

Finally, although both Iy(y, z; M) and T'c(v,m?, MZ; M2) are individually infrared
divergent, they combine into the IR finite function

« 1
AR(y, 2) = — [Io(y,z;Mv)—i—§Fc(v,m§,M2;M$) , (2.22)

and we end up with a finite correction to the Dalitz plot density:
69" (y,2) = AP (9,2) | ATy, 2)+2 5757 (0)]| + AP(y,2)+ AP (1, 2)- 057 (v) . (2.23)

2.3 Master formula

After inclusion of both long-distance and short distance (Sey) radiative corrections, the
differential decay distribution reads:

ar G2 V| M3 C% S..,

dydz 12879 FETOF |5y, 2) + 657y, 2)| - (2.24)

This expression should be the basis to properly determine experimentally the momentum-
dependence of the QCD form factors fi(t) appearing in 5 (y, z).

Corrections to the decay rate are obtained by integrating over the variables y and
z. In the case of fully inclusive prescription on the radiated photon, the real photon EM
correction should be integrated not only over the 3-body region D3 but on the whole region
D, allowed by 4-body kinematics. Taking into account all these corrections, the master
formula for K3 decay rates reads:

G2 |Vys|? M3 C

F(Ké?’[’Y]) 128 73

kg, ST )2 190 [1+5 +88Tn]. (225)

where the strong isospin breaking correction is

K 2
5SU(2) = (ﬁ) -1 (2.26)
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Figure 1: Density plot of the EM correction to the differential distribution
(69"M(y, 2) /PO (\i)(y, 2)) of K% (left panel) and KZ (right panel).

and the EM radiative correction
Stint = O (Ds3) + O (Da—s) (2.27)

receives contributions from the 3-body and 4-body kinematical regions:

1
55161(7)3) ROV / dydz 5ﬁEM(y72)7 (2.28)
IKZ()‘i) D3
1 a
6B (Dy_s) = : / A, (TR +TES) (2.29)
) TR, e ()

Note that Ginsberg’s prescription [[J] for real photon emission, which was adopted in
refs. [f, B], amounts to discarding the integral in eq. (2.29).

3. Results and discussion

The main outcome of our analysis are the differential corrections 65" (y, z) to the Dalitz
plot density (eq. (2:23)) and the integrated corrections 65 (D3) and 65 (Ds—3) (egs. (:29)
and (R:29) respectively). dp"(y,z) is known analytically through the work of refs. [{,
B, [@. The integration needed to calculate §&4(Ds) has been performed with the Gauss
quadrature method. On the other hand, the integration needed to calculate 5{3(1\% (D4—3) has
been performed with a Monte Carlo technique based on the RAMBOS event generator [R(].

In order to give numerical results, we have to specify the input parameters. The
differential and integrated EM corrections to O(e?p°) depend on a number of LECs of
ChPT. The EM LECs are given by convolutions of appropriate QCD correlators with
known kernels. They have been recently estimated in refs. [[], ] by replacing the QCD
correlators with meromorphic approximants, in the spirit of the large-N¢ expansion. We
use the results of refs. [, §] for our central values, and conservatively assign 100% fractional
uncertainty to the LECs.

The integrated corrections 654 (Ds3) and 05 (D4_3) also depend, through the normal-
ization factor I}?g()\i), on the slope and curvature of the scalar and vector form factors,
namely A4, )\ZF, and Ag. For these quantities we use the results of a global fit to all con-
sistent experimental data (i.e. without including the NA48 result) as reported in ref. [[I:
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Figure 2: Density plot of the EM correction to the differential distribution
(6p"M(y, 2) /O (N\i)(y, 2)) of K} (left panel) and ng (right panel).

A = (25.0+08) - 1073, X} = (1.6 £0.4) - 1073, Ay = (16.0 £ 0.8) - 1073. The choice
of this reference set of input parameters is very simple but somewhat inconsistent as the
charged and neutral K parameters are distinguished by strong isospin breaking and EM
effects [[[3, 3. However, one should keep in mind that the uncertainty on I}?;()\i) induced
by the A; is below the percent level and is completely negligible in the analysis of 5}{3{1&
(although it ha)s some impact on the extraction of Vi through eq. (2:2F)). In table [ we

provide the I}?Z()\i) corresponding to our choice A;, so the reader can easily convert our
results for 5516[ to any choice of slope parameters with a simple re-scaling.

3.1 Corrections to the Dalitz plot

In figures [l and fl we show a density plot of the ratio 65"M /(0 (\;) for KO, KZ, K23 and
Kffg as a function of the variables y, z, corresponding to the input on A; and LECs specified
in the previous subsection.? The theoretical uncertainty on the LECs and higher order cor-
rections induces an overall uncertainty of about +0.3% in 6™ /5 (\;). Tt is important to
notice that the correction to the Dalitz distribution can be locally large (O(10%)) and does

not have definite sign, implying possible cancellations in the integrated total EM correction.

3.2 Corrections to the decay rates

Table [ summarizes the numerical results of the long-distance radiative corrections to fixed
order e%pY, obtained using the central values for the LECs, slopes, and curvature of the
form factors as described above.

Two prominent features of the results in table [[] can be understood on a qualitative
level. First, the EM corrections to the neutral K decays are expected to be positive and
sizable on account of the Coulomb final state interaction term between ¢™ and 7~, that
produces a correction factor of Wa/vg‘ilr ~ 2% over most of the Dalitz plot. While the
exact correction and the relative size of Kgg and K% depend on other effects such as the
emission of real photons, the qualitative expectation based on Coulomb interaction is con-
firmed by the detailed calculation. Second, the large hierarchy 55&(@4_3) < 6B (Dy_3)
admits a simple interpretation in terms of bremsstrahlung off the charged lepton in the

3Numerical tables for these corrections are available from the authors upon request.



final state. The probability of emitting soft photons is a function of the lepton velocity
vy which becomes logarithmically singular as vy, — 1, thus enhancing the electron emis-
sion. For typical values of vy in Dy_3, the semiclassical emission probability [PJ] implies
0BG (Da—s) /0 (Da—s) ~ 20 — 40,

The theoretical uncertainty to be assigned to 5}{3{16[ arises from two sources: the input
parameters (LECs, );) appearing in the O(e?p°) correction and unknown higher order
terms in the EFT expansion, starting at O(e?p?). For the parametric uncertainty we find
that:

e Experimental errors on the form factor parameters A, )\/J/r, and A\g induce a fractional

uncertainty in I}?z()\i) and in 5]{3{1\% well below the percent level [[. We can safely

ignore this source of uncertainty in 5516[.

e To the order we work, the electromagnetic LECs contribute a v-independent term to
557 (v), which thus affects the decay rates as follows,

/ dydzAgo) (y, 2)
. D3

LGS 1))

/ dydzAgo) (y,2)
. D3

LGS L)

6 (Ds) ~ 20| /-] . (3.1)
The coefficient of 20 f, is O(1) while the coefficient of df_ is roughly 0.2 for K3
decays and completely negligible for K.3 decays, being O(m./My)?. Taking a very
conservative attitude, we assign a 100% fractional uncertainty to the LECs X7 and
Xghys contributing to §f; (we use LECs central values from refs. [ff, §]). Treating
the LEC errors as independent leads to an absolute uncertainty of +0.11% in 551\%

and of +0.16% in 655,

In order to discuss the error coming from higher order chiral corrections not included
in our analysis, we find it useful to decompose (to each chiral order) the EM corrections

5Ké in terms of 5172’3742

5K = 51 + 6y + 63 + 64,
SKM = 5y 4 6y — 83 — b4,
0KTC = §) — 63+ 03 — b4,
SEEH = 5 — 6y — 63+ 64 . (3.2)

Here §; represents a correction common to all modes, d5 a correction anti-correlated in
kaon isospin but blind to lepton flavor, and finally 34 are lepton-universality breaking
terms, correlated and anti-correlated in kaon isospin, respectively. To O(e?p®) we find
e2p0 e2p0 e2p0 e2p0 . .
60" =0.63%, 657 = 0.57%, 05 © = —0.08%, &, ¥ = —0.12%. On the basis of chiral
power counting we expect the higher order corrections to scale as

2

5P~ (My /(A Fp))? - 657 ~ 0.2 557 (3.3)

(2

This estimate is validated by comparison of the fixed chiral order results with the ones
obtained within the “soft-photon factorization” approach discussed in section 4 of ref. [[,



TN | 6856(Ds) (%) | St (Das) (%) | 085(%)
K2 | 0.103070 0.50 0.49 0.99 + 0.22
KZ | 0.105972 -0.35 0.45 0.10 £ 0.25
K75 | 0.068467 1.38 0.02 1.40 £ 0.22
K3 | 0.070324 0.007 0.009 0.016 & 0.25

Table 1: Summary of phase space integrals and EM corrections to the Ky3 decay rates. The
EM corrections are calculated to fixed order in ChPT (O(e?p”)). The phase space integrals are
calculated using slope and curvature parameters from the fit of ref. [ﬂ] The uncertainty estimate
is discussed in the text.

which include a class of higher order chiral corrections (see table fl).? The only anomaly
appears to be in the coeflicient d3, where we find d3 : —0.08% — —0.16% when going from
fixed chiral order to the soft factorization scheme. This can be traced back to the cancel-
lation between the negative contribution from D3 (-0.31%) and the positive contribution
from Dy_3 (0.23%). Multiplying these individual pieces by 0.2 gives ~ 0.06 and ~ 0.05,
respectively, which is just the order of magnitude of the shift we are seeing (-0.08 — -0.16).

Based on the above discussion, we bound the higher order uncertainties as follows:
\5f2p2] < 0.13%, ]5;2”2\ < 0.11%, ]5§2p2\ < 0.08%, \522’)2\ < 0.025%. Assuming that the
uncertainties from d; and from each LEC are uncorrelated, we arrive to the errors quoted
in table [I] for the total corrections, with correlation matrix given by:

1 +0.081 4+0.685 —0.147
1 —0.147 +0.764
1 +0.081

1

(3.4)

Finally, the above results allow us to evaluate the uncertainties on the linear combinations
of 6%161 which are relevant for lepton universality and strong isospin-breaking tests:

B — K0 = —(0.41 £ 0.17)% , (3.5)
S — o = (0.08 £ 0.17)%, (3.6)
SEE — 680 = —(0.89 £ 0.32)%, (3.7)
SR — GO = —(1.38 4 0.32)% . (3.8)

4. Conclusions

In this work we have provided a unified discussion of the radiative corrections of O(e?p) to
all Ky3 decay rates. We have argued that through the calculation of K — wfrv amplitudes

4Note that in section 5.3 of ref. [E] an alternative factorization prescription is given, which is valid only
for Ke3 modes. The latter prescription was used in the numerical analysis of refs. [H, ﬁ] and would lead to
results slightly different from those of table E The first two entries in the first column should be replaced
as follows: 0.41 — 0.56 and —0.564 — —0.41.

— 10 —



St (D3) (%) | o (Da—s)(%) | 61 (%)
KY, 0.41 0.59 1.0
K% -0.564 0.528 -0.04
Ky 1.57 0.04 1.61
K, -0.006 0.011 0.005

Table 2: Summary of EM corrections to the Kys decay rates calculated according to the “soft-
photon factorization” approach of ref. [ﬂ], which includes incomplete higher order terms in the
chiral expansion. Comparison with the results of table [l validates our estimate of the theoretical
uncertainties.

to O(e?p?) in the chiral effective theory we can derive the complete corrections of O(e?p?)
to the Dalitz plot density and the integrated decay rate. We have systematically discarded
higher order effects that are only partially known, and we have included the unknown
effects in a generous estimate of the theoretical uncertainty. For the first time we have
presented complete numerical results for the K3 modes, while also updating the previous
analysis of K.3 modes.

The main outcome of our investigation is summarized in table [I, which contains the
corrections to the total (fully photon inclusive) decay rates of all K3 decay modes (K =
K*, K% /¢ = e, ). These results provide important theoretical input for the determination
of the product ffo’ri (0) - Viys from Ky3 decays at the 0.2% level [[] through eq. (R.23).
This task requires as additional theoretical input the factor 5§<U7r(2), which has been recently

updated in refs. [[J, BJ. We refrain here from producing a number for ffof(O) - Vis:
the result reflecting most recent experimental data can be found in the Flavianet Kaon
Working Group web page [24].

Further reduction of the theoretical uncertainty on the corrections 5%1\54 would require
an analysis of the amplitudes to O(e?p?*) in ChPT, which is beyond the scope of this work.
At the moment there appears to be no immediate need for such an analysis, since the
error on Vi is dominated by the ~ 1% theoretical uncertainty in ffof(O), for which a
compilation and discussion of theoretical results can be found in ref. .
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A. Corrections induced by virtual photons: 6 f£™(v)

Using the notation of refs. [f, [§ with fEM=loc = i, we have:

SF () = 1= | Daluymi, ME) + Dalu,mi, ME)| + F57° (A1)

85 (w) = 1= | Daluym?, ME) = Dalu,m?, ME)| + F57° (A.2)
and

SFET (s) = % [rl(s,mﬁ, M2) +Ty(s,m7, Mﬁ)} + (A-3)

SFET (5) = % [rz(s,mi, M2) - Fl(s,m?,ME)} + R (A-4)
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